Based on the entropy relations, we derive thermodynamic bound for entropy and area of horizons of Schwarzschild-dS black hole, including the event horizon, Cauchy horizon and negative horizon (i.e. the horizon with negative value), which are all geometrical bound and made up of the cosmological radius. Consider the first derivative of entropy relations together, we get the first law of thermodynamics for all horizons. We also obtain the Smarr relation of horizons by using the scaling discussion. For thermodynamics of all horizons, the cosmological constant is treated as a thermodynamical variable. Especially for thermodynamics of negative horizon, it is defined well in the r < 0 side of spacetime. The validity of this formula seems to work well for three-horizons black holes. We also generalize the discussion to thermodynamics for event horizon and Cauchy horizon of Gauss-Bonnet charged flat black holes, as the Gauss-Bonnet coupling constant is also considered as thermodynamical variable. These give further clue on the crucial role that the entropy relations of multi-horizons play in black hole thermodynamics and understanding the entropy at the microscopic level.
Introduction
In order to understand the black hole entropy at the microscopic level, the entropy product of multi-horizons black holes were studied widely in a lot literatures . The entropy of multi-horizons play in black hole thermodynamics and understanding the entropy at the microscopic level.
This paper is organized as follows. In the next Section, we will investigate the entropy relations and the application of Schwarzschild-dS black hole. In Section 3, the entropy relations and the application of Gauss-Bonnet charged flat black hole are presented. Section 4 is devoted to the conclusions and discussions.
Entropy relations and the application of SchwarzschilddS black hole
In this section, we firstly consider the entropy relations and the application of four dimensional Schwarzschild-dS black hole, which is the simplest example for multi-horizons (A)dS black hole and has the line element
with the horizon function
where M represents the mass of the black hole and Λ = 1 ℓ 2 is the cosmological constant. From the roots of horizon function f (r), we can get three black hole horizons [17] 
where r E , r C and r N denote the event horizon, cosmological horizon and negative horizon, respectively. Note that r N is negative and named as "virtual" horizon [17] . Besides, as we focus on the black hole with multi-horizons, we will only consider the case with
which can be seen as the existence condition of multi-horizons black holes. The entropy of each horizon are
The temperature of event horizon and negative horizon are
while the Hawking temperature of cosmological horizon is always chosen as the positive one [7] T
where f ′ (r) denotes the derivative function of f (r) respect to r. We firstly revisit the thermodynamic relations. For example, the mass-dependence entropy product is [17] 
the mass-independence "part" entropy product is [16] 
entropy sum is [12, 16 ]
and the mass-independent entropy relations of two positive horizons is [16, 17 ]
Based on these entropy relations, we can obtain the thermodynamic bound for SchwarzschilddS black hole. As 0 ≤ r E ≤ r C ≤ |r N | ≤ 2ℓ, we get 0 ≤ S E ≤ S C ≤ S N ≤ 4πℓ 2 . Thus, from thermodynamic relation Eq.(2.10), we get
which together give
Meanwhile, thermodynamic relation Eq.(2.10) also leads to 0 ≤ (S C + S E ) ≤ 3πℓ 2 ; hence, from the entropy sum Eq.(2.9), we find
Totally, we obtain the entropy bound of the event horizon, the cosmological horizon and the negative horizon
Besides, the area entropy leads to the area bound 12) which are all geometrical bounds of black hole horizons, as parameter ℓ is actually the cosmological radius.
On the other hand, we can get the first law of thermodynamics from these thermodynamic relations. Actually, thermodynamics of (A)dS black holes are still open questions. An interesting idea is treating the cosmological constant as a thermodynamical variable (see, e.g. [31] [32] [33] [34] [35] [36] [37] [38] ). Hence, consider the first derivative of thermodynamic relations Eq.(2.7, 2.8, 2.9), one can find
Consider the Hawking temperature (2.5,2.6), we get the first law of thermodynamics for event horizon, cosmological horizon and negative horizon of Schwarzschild-dS black hole
where the thermodynamic potential conjugate to Λ is defined to be 2 . Then after a rescaling of the thermodynamical variables, we can get
Taking the first derivative with respect to λ and then setting λ = 1, we get the Smarr relation for the event horizon and negative horizon
Note we choose the positive temperature Eq.(2.6), other than the origin negative (opposite) one, thus the Smarr relation for the cosmological horizon of Schwarzschild-dS black hole is > 1, one can only find one real root of f (r) which is the event horizon and the other two are complex. This case is out of our discussion for the reason that we study the thermodynamic laws of horizons in this paper, while the thermodynamics of complex horizon are not defined well. On the other hand, the four dimensional uncharged black hole in f (R) gravity [18] has the same line element Eq. . Actually, one can always expect to follow the similar procedure to get these results of other black holes with three horizons; for example, four dimensional charged static black holes in Einstein-Weyl theory [3] and five dimensional charged (A)dS black holes in the Gauss-Bonnet gravity [18] .
Entropy relations and the application of A GaussBonnet black hole example
In this section, we introduce a Gauss-Bonnet black hole example to study further the thermodynamic relations and the application. However, we will only consider the positive horizons for this case, which had attracted much attentions [4, 7, 9, 10, 14, 15, 18, 21, 22, [24] [25] [26] [27] [28] 30] , without the negative ones. We consider the five dimensional charged asymptotically flat solutions. We take the action to be
where
Here we have chosen the vanishing cosmological constant and rescaled the Gauss-Bonnet coupling constantα in the following discussion bỹ
The static and charged black hole solution has the form [45] [46] [47] [48] [49] 
where dΩ 2 3 is the maximally symmetric space in 3-dimensions and the metric function is
The event horizon r E and Cauchy horizon r C are located in the roots of the metric function V (r)
Note we will only consider the positive horizons in what follows. We introduce some useful relations: r E r C = q, r E + r C = √ 2µ −α + 2q, r 2 E + r 2 C = 2µ −α. The temperatures, electric potentials, areas and entropies for horizons are given by
where the ADM mass M and the electric charge Q of the solution are given by
We can find the entropy product [18] and entropy sum 9) and the area product [18] and area sum
The existence of black hole horizons leads to
Focus on the area bound of horizons, we get
The area sum gives
Consider the above bound and the existence of black hole horizons together, we obtain the area bound of event horizon and Cauchy horizon
One can also obtain the entropy bound as well, which is complicated and does not shown here.
On the other hand, consider the first derivative of entropy product and sum Eq.(3.9) and make a little calculation which is similar as that in the above section, one can find the first law of thermodynamics for event horizon and Cauchy horizon of Gauss-Bonnet charged flat black hole
(3.14)
Note that here we have treated the Gauss-Bonnet coupling constant as a thermodynamical variable (see, e.g. [35-38, 43, 44] ). Accordingly, the thermodynamic potential conjugate tõ α is defined to be 3 . Then after a rescaling of the thermodynamical variables, we can get
Taking the first derivative with respect to λ and then setting λ = 1, we get the Smarr relation for the event horizon
Note we choose the positive temperature Eq.(3.4), other than the origin negative (opposite) one, thus the Smarr relation for the Cauchy horizon is
Finally, we obtain the first law of thermodynamics Eq.(3.13, 3.14) and Smarr relation Eq.(3.17, 3.18) for the event horizon and the Cauchy horizon of Gauss-Bonnet charged flat black hole, which is consistence with that in [18] .
Conclusions
In this paper, based on the entropy relations, we obtain the thermodynamic bound of entropy and areafor horizons of Schwarzschild-dS black hole, including the event horizon, Cauchy horizon and negative horizon, which are all geometrical bound and made up of the cosmological radius. Consider the first derivative of entropy relations together, we get the first law of thermodynamics for all horizons. We also obtain the Smarr relation of horizons by using the scaling discussion. For thermodynamics of all horizons, the cosmological constant is treated as a thermodynamical variable. Especially for thermodynamics of negative horizon, it is also defined well in the negative side (r < 0). The validity of this formula seems to work well for three-horizons black holes; for example, four dimensional uncharged black hole in f (R) gravity [18] , four dimensional charged static black holes in Einstein-Weyl theory [3] and five dimensional charged (A)dS black holes in the Gauss-Bonnet gravity [18] . We also generalize the discussion to thermodynamics for event horizon and Cauchy horizon of Gauss-Bonnet charged flat black holes, as the Gauss-Bonnet coupling constant is also considered as thermodynamical variable. These give further clue on the crucial role that the entropy relations of multi-horizons play in black hole thermodynamics and understanding the entropy at the microscopic level. For future work, one can believe that the validity of this formula holds for general Lovelock gravity hence more coupling constant entering in the laws of black hole thermodynamics. Besides, as the thermodynamics of the negative horizon is introduced, one may also expect to construct the holographic description of thermodynamics for black holes with three-horizons, while the holographic description of thermodynamics for black holes with two-horizons are well built by the thermodynamic method of black hole/CFT (BH/CFT) correspondence [7, [25] [26] [27] [28] [29] [30] .
